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Abstract 

Chiral effective lagrangians may differ in their prediction of meson-nncleon scat¬ 
tering amplitndes off-meson-mass-shell, bnt mnst yield identical S-matrix elements. 
We argne that the effective meson mass in nnclear matter obtained from chiral 
effective lagrangians is also nniqne. Off-mass-shell amplitndes obtained nsing the 
PCAC choice of pion held mnst therefore not be viewed as fnndamental constraints 
on the dynamics, the determination of the effective meson mass in nnclear mat¬ 
ter or the possible existence of meson condensates in the gronnd state of nnclear 
matter. This hypothesis is borne ont by a calcnlation of the effective mass in two 
commonly employed formnlations of chiral perturbation theory which yield different 
meson-nucleon scattering amplitudes off-meson-mass-shell. 
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1 Introduction 


In recent years, there has been considerable discussion of whether Bose conden¬ 
sates of charged mesons may be found in dense nuclear matter, such as that formed 
in collisions of heavy nuclei, in cores of collapsing stars, or in the interior of neutron 
stars. These studies have been motivated by the suggestion of Kaplan and Nelson]^ 
that attractive S-wave interactions between kaons and nucleons could lower the ef¬ 
fective mass of kaons to the extent that kaons could condense in dense neutron star 
matter, at several times nuclear saturation density. The kaon-nucleon interactions 
of Ref.]^ are obtained from a flavour SU{3)l x SU{3)r lagrangian, originally due to 
Manohar and Georgi[^, but with the inclusion of additional terms in the expansion 
in powers of A“^, where A ~ 1 GeV is the scale of chiral symmetry breaking. The 
S-wave attraction is driven by two terms in the lagrangian, one related to the ex¬ 
change of vector mesons between kaons and nucleons and the other proportional to 
the kaon-nucleon sigma term, corresponding to the exchange of a scalar meson. 

The value of the critical density for kaon condensation in such models varies, due 
to the large uncertainty for estimates of the sigma term: ^ (200 — 400) MeV. 

In the dense interior of neutron stars, a condensate may be formed if the effective 
kaon mass is brought down to the value of the charge chemical potential, typically 
around 200 MeV at the densities under consideration, converting the electrons and 
muons in beta equilibrium with the matter to kaons. For the range of quoted 
above, the critical density lies in the range 3-5 po, in terms of the nuclear matter 
saturation density po = 0.16 fm“^ Q. 

The formation of a condensate depends crucially on the nature of the kaon- 
nucleon interaction. A number of extensions of the original model [|l| have been 
made. One direction of development has been the inclusion of additional terms in 
the chiral expansion. The standard chiral counting orders scattering amplitudes as 
a power series in the characteristic energy-momentum scale, Q, with the leading 
order kaon-nucleon amplitude being 0{Q^). Brown et a/.|P included the complete 
set of terms of the same order as the sigma term, and htted the expansion 

coefficients to KN scattering lengths. Lee and collaborators 0 have included the 
next order in chiral perturbation theory, 0{Q^), which includes one-loop diagrams, 
and extended the £t to include KN scattering amplitudes. Several studies have 
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also included contributions difficult to access in chiral perturbation theory, such as 
resonance contributions 0 and effects from nuclear correlations!^, |^. Another line 
of development, suggested by Brown, Koch and Rhop has been the application 
of the ideas of Ref. to S-wave pion condensation. However, the corresponding 
pion-nucleon sigma term ~ 45 MeV is considerably smaller than Also, 

interactions mediated by the exchange of vector mesons, p-meson exchange in the 
case of pions, and both p- and uj- meson exchange in the case of kaons, are generally 
favourable for S-wave kaon condensation, but not for S-wave pion condensation. 
More specihcally, the pion-proton vector meson exchange potential, is only half 
as attractive as that for kaons, while the corresponding pion-neutron potential is 
repulsive, and of the same magnitude as for kaons. The vector mediated pion-nucleon 
interaction is thus repulsive in neutron-rich matter. The inclusion of additional 
terms in the chiral expansion, fitted to pion-nucleon scattering lengths, therefore 
leads to a in-medium pion mass that increases slightly with density. The increase 
to linear order in density was reemphasized in the work of Delorme, Ericson and 
Ericson[|]. 

Recently, several author have claimed that the method used to motivate and 
describe meson condensation is incorrect 1,0,1 pT[| . They argued that chiral effective 
lagrangians are inconsistent with current algebra and PCAC||^, |T^ for the following 
reason: off-meson-mass-shell meson-nucleon scattering amplitudes computed from 
the lagrangian conventionally employed in the description of meson condensation 
(i.e. of the Kaplan and Nelson|]^ type) are not those obtained using PCAC. Secondly, 
they claimed that the incorporation of these off-meson-mass-shell amplitudes in the 
calculation inevitably leads to an effective repulsion which serves to inhibit meson 
condensation ||l0|, pT| . 


In this Letter, we argue - in line with well-established theorems]^ - that the S- 
wave meson-nucleon scattering amplitudes obtained off-meson-mass-shell are subject 
to the choice of meson field, are therefore entirely unphysical, and are thus not 
to be viewed as constraints on a theory. However, the effective meson mass in 
nuclear matter behaves as the on-meson-mass-shell scattering amplitude, in that it 
is independent of the choice made for the meson held. ( The identical conclusion 
was reached independently in the most recent work of Lee et al. P , through slightly 
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different arguments. ) We argue that this is to be understood as a consequence of a 
general rule: any physically relevant observable is independent of the choice of meson 
held variables, as is the case for S-matrix elements[^]. To support this conjecture, 
using a formulation of chiral perturbation theory for which the canonical meson 
held is to be identihed with the divergence of the axial vector current, namely that 
originating in the work of Gasser and Leutwyler[|l^], we obtain an ehective meson 
mass identical to that found in the traditional treatment, originally due to Kaplan 
and Nelson]^, in which the meson held is not to be identihed with the divergence 
of the axial vector current. 

Below, we discuss how the above ideas apply to the analysis of S-wave pion con¬ 
densation. We thus sidestep the issue of whether the usual assumptions of smooth¬ 
ness of amplitudes used in conjunction with PCAC, are at all good in the SU(3) 
sector, which they evidently are not, given the relatively large size of the kinematical 
region over which the smoothness assumptions are to assumed to hold. However, 
the conclusions reached are directly applicable to the discussion of S-wave kaon 
condensation. We consider tree level lagrangians throughout, working to 0{Q‘^). 
We illustrate our results for homogeneous, isotropic, isospin symmetric and spin- 
unpolarized nuclear matter, and evaluate nucleon operators in the mean field ap¬ 
proximation, such that the corresponding results hold modulo nuclear correlation 
corrections. The Letter is organized as follows. In Section 2, we review the kine¬ 
matics of pion-nucleon scattering and amplitudes obtained from PCAC. We outline 
two approaches to chiral lagrangians, one originating in the work of Manohar and 
Georgi[0, and the other in that of Gasser and Leutwyler|T3[|. We discuss how the de¬ 
rived pion-nucleon scattering amplitudes relate to the PCAC amplitudes. In Section 
3, we show that the effective pion mass obtained in both formalisms give identical 
results. The section concludes with a discussion of the Gell-Mann-Oakes-Renner 
relationand a summary of results. 
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2 Off-mass-she 11 Pion-Nucleon Scattering 
Amplitudes and Chiral Lagrangians 


Low-energy pion-nucleon scattering was widely discussed in the 60s, when ideas 
such as current algebra and PCAC were developed. A very convenient choice of 
kinematical variables in the description of pion-nucleon scattering is the set u, ub, 
and where 


s - u ip + p') ■ iq + q') 

V = - -=-^- and ub = 


- q^ - q 


l2 


q ■ q 


( 1 ) 

ArriM AniN Attin 2mM 

in terms of the incoming ( outgoing ) pion four-momentum, q { q' ) and nucleon 
momentum p { p' ), and the Mandelstam variables s = [p + q)^, t = {q — q'Y, 
u = ip' — qY- In what follows, the nucleon, of mass rrijsi is taken on mass-shell, 
while the pion, of mass may be off mass-shell. We consider the isospin even 
pion nucleon scattering amplitude with the pseudovector pole term subtracted, . 
In the standard decomposition this amplitude reads jlsll 


L)+(z/,i/s,g^g'2) = A+(i/,z/B,g^g'2) + i/5+(z/,i/B,g^g'2) 

-^^,-KiqYKiq'Y , 

Ub — m 


( 2 ) 


where g and A'(g^) are, respectively, the iiNN coupling constant and vertex form 
factor. The amplitude D~^ is closely related to the pion-nucleon sigma commutator. 


<rMt) = :7E(-P(p')I[«.I«.Wsb11|P(p)> 

a=l 


niu+md 


{Pip')\uu+dd\Pip)), 


(3) 


where \Pip)) is the proton state of four-momentum p, normalized to 1, Qg is the 
chiral charge of flavour a, and Hsb = i'^u + -|- dd)/2 -f is the explicit- 

chiral-symmetry-breaking Hamiltonian density, with and the masses of 

the up, down and strange quarks, respectively. There are many choices for the pion 
held, and the one conventionally used is the PCAC choice, 

it ” = -jP^rTAl , ( 4 ) 

where = 93 MeV is the pion decay constant and is the axial vector current. 
Under the assumption of a smoothly varying amplitude D^, one obtains from Eq.(^) 
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the simple expressions at the following special kinematical points |T6|, p!7| 


Weinberg point 

D+(0, 0,0,0) 

1 , . 

(5) 

Adler point 

D+(0,0,m2,0) 

= D+{0,0,0,ml) = 0 , 

(6) 

Gheng — Dashen point 


= +-^(^nN{0) + 0{ml) . 

J TT 

(7) 


The amplitude in the Weinberg point is repulsive and equal in magnitude to the 
attractive amplitude in the Cheng-Dashen point. The Cheng-Dashen point is distin¬ 
guished from the others in that both pions are on mass-shell. The sigma-commutator 
in Eq.(0) is evaluated at f = 0 instead oi t = 2m^ (the relevant value for the Cheng- 
Dashen point) as the difference is of order and therefore outside the scope of 
the present discussion. This will be detailed below. 

Chiral perturbation theory was developed as a means to obtain Green functions 
of QCD via an expansion in powers of of the light quark masses and of the external 
momenta, assumed to be small in relation to the scale of chiral symmetry breaking 
A IGeV. Here, we shall discuss the predictions of such theories to second order 
( next-to-leading order ) in the characteristic momenta. To illustrate our arguments 
regarding off-mass-shell amplitudes and the effective meson mass in nuclear matter, 
we examine two formulations of chiral perturbation theory with baryons. The first 
of these originates in the formalism of Manohar and Georgi [Q , and was employed by 
Kaplan and Nelson[|l| in proposing that kaons could form a condensate. The second 
formulation originates in that of Gasser and Leutwyler||13||, which was extended to 
include baryons by Gasser, Sainio and SvarcJ^. A different approach to the baryon 
sector, using static baryon fields, was formulated by Jenkins and Manohar |I^ . 

We briefly review the chiral effective lagrangian, £mg; originating in the formal¬ 
ism of Manohar and Georgi [Q, including the next-to-leading order terms in chiral 
perturbation theory [Q, |T^ |^. The lagrangian £mg is constructed from a 3 x 3 
matrix, S, involving the pseudoscalar meson octet, and the spin-| baryon octet 
matrix, B. Under SU{3)l x SU{3)r , the held transformations are S ^ LJ2R\ 
and B —> hBh\ where h is dehned by the transformation law ^ —>■ = h^R\ 

and where the held ^ is given by = S. For the purpose of constructing the la¬ 
grangian, the current quark mass matrix, M = diag(mu, m^, m^,), is assigned the 
SU{3)l X SU{3)r transformation of S. The chiral expansion, in powers of d^T,/A 
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and M/A, where A is the chiral symmetry breaking scale, A 1 GeV, is constrncted 
so that individnal terms in the expansion are SU{3)l x SU{3)r invariant. Baryons 
are treated as static, in the formalism hrst applied to the chiral expansion by Jenkins 
and Manohar [p!^] . With a redaction to SU{2)l x SU{2)r and the S-wave channel, 
the 0{Q‘^) lagrangian reads p, ^ 


= iN {vd)N - aNN + ^ 

+ ^ ■ dirf + NN H- . ( 8 ) 

The qnantity Vfj, is the fonr-velocity of the nncleon, and and rednces to = (1, 0, 0, 0) 
in the rest frame of the nncleon. The pion mass is = 139 MeV, and = 93 
MeV is the pion decay constant. The valnes ml and inclnde 0{Q‘^) loop correc¬ 
tions to the corresponding qnantities at tree level, and are used here for notational 
convenience, since we neglect corrections to the lagrangian of 0{Q^) and higher. 
The constants a, c^, and C 3 are linear in the quark masses and therefore of 0{Q‘^). 
The constant a is to be identihed with the sigma term, a{t = 0), which also serves 
to increase the nucleon mass over that in the SU(2) chiral limit, mjv = m^ + a, 
where mg — 890 MeV, using a = 45MeV|^. Thus the sign of sigma is hxed to 
be positive. We do not write down the Weinberg ( vector ) term explicitly in the 
lagrangian above, as it does not enter into the isospin even scattering length, or 
in the pion self-energy in symmetric nuclear matter, to be considered in Section 3. 
From the lagrangian (||), we hnd the isospin even scattering length, 




(2(c 2 + C3)m^ + a) + 0{ml) . 


(9) 


Empirically, = —0.0083m“^ corresponding to a repulsive interaction. Using 
cr = 45 MeV, we hnd (c 2 -f c^)ml = —26 MeV. Improved values for the constants 
can be found by including loop corrections 0 : There are terms of 0{mD resulting 
from hnite loop corrections, whereas inhnite loop corrections and therefore also 
the corresponding counterterms hrst appear at 0{mD and (!J(m^lnm^). This is 
the reason why in nuclear matter all quantities of 0{Q‘^) get their hrst correction 
already at 0{Q^) and not at 0{Q^) as their free-space analogs. The lagrangian(||) 
gives the amplitude 

D+ = +^a + 0{ml) ( 10 ) 

J TT 
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in all three kinematical points discussed above, in apparent contradiction with the 
PCAC result. This statement has been given various interpretations, for example 
that chiral perturbation theory is incorrect off mass-shell, or in contradiction with 
well established extrapolations such as PCAC|^, |^, pd| . 

With regard to the disagreement between Eq.(|^) and Eqs.(||,^), it must be kept 
in mind that the amplitudes are not fundamental, in the following sense. Any 
operator may be adopted to describe the pion held, provided that it is correctly 
normalized, and has a nonvanishing matrix element between the pion and the vac¬ 
uum. Amplitudes obtained off-pion-mass shell are subject to the choice adopted for 
the pion operator and are not unique. ( However, they are not entirely arbitrary, 
being subject to constraints such as unitarity and causality. ) This does not pose a 
problem, since the off-pion-mass-shell amplitudes are not accessible by experiment, 
and as shown by Coleman, Wess and Zuminoj]^, S-matrix elements, and therefore 
measured scattering amplitudes, are independent of the choice adopted for the pion 
held. The result (|T^) is therefore simply to be understood in the way that the pion 
held 71 of £mg is not the PCAC one. 

One should furthermore note that the amplitudes ([lOD and (0) agree, to (P(Q^), 
as required, since the Cheng-Dashen point has the virtue of being on pion-mass-shell. 
Although the Cheng-Dashen point is unphysical in the sense that it is outside the 
kinematical region available to pion-nucleon scattering experiments, the scattering 
amplitude in the Cheng-Dashen point is unique and related to measured amplitudes 
via dispersion relations. These involve analytic continuations of (on-pion-mass-shell) 
amplitudes to unphysical regions - unique by Cauchy’s theorem, provided the vari¬ 
ous poles are properly subtracted. A commonly used approach is to perform double 
dispersion relations in the variables (i/, f)|l^, Q, the degrees of freedom being re¬ 
duced by two, on pion-mass-shell. A variation in pion-mass can, of course, not be 
carried out in any experiment; so the Weinberg and Adler points are unphysical in 
a very different sense than the Cheng-Dashen point. 

To conclude this section, we review the evaluation of off-shell scattering ampli¬ 
tudes in the functional integral formulation of chiral perturbation theory developed 
by Gasser and Leutwyler||T3[|, which was extended to include nucleons by Gasser, 
Sainio and Svarc[|T3]. In this approach, a generating functional for Green functions. 



Zeff, and the corresponding lagrangian, £gss, are developed as follows. External 
sources, s,p, n^,and a^, are coupled to the quark helds of the QCD action and as¬ 
signed chiral SU{2)^ x SU{2)ji transformations such that the source-extended action 
is locally chiral invariant. The fact that the sources are coupled in this way ensures 
that chiral QCD-Ward identities are satisfied. The generating functional for the 
low-energy effective theory ~ transcribed to the hadronic level - now depends on 
the same external sources, where the corresponding hadronic action is formulated 
in terms of a 2 x 2 dummy field U, involving mesons. It is a dummy held as it is in¬ 
tegrated over in the generating functional formulation. Similarly, one may introduce 
nucleons, N{N) coupled to corresponding external sources, fj [r]), which transform 
non-linearly under chiral transformations in order to ensure that the coupling terms 
are (locally) chiral invariant. One identihes the Ward identities of the low-energy 
effective theory with those of QCD. Note that in this formalism, the sources s, p, 
v^, and are coupled from the start to quark bilinears and are therefore directly 
associated with SU{2)l x SU{2)r currents in quark variables. The PCAC prescrip¬ 
tion thus emerges naturally as the sources are transcribed to the hadronic level. The 
relevant generating functional is 


TTTT 


where Af is an overall normalization, U, N, N are dummy helds, and the lagrangians 
and Ct,n are dependent on the sources s, p, and a^. In what follows, we shall 
use the scalar source s to generate the quark mass matrix, s = A4 = diag(m„,mrf), 
and furthermore retain only the source for asymptotic pions, p, but set = 0 

( unless otherwise specihed ). The sources p and p generate one-nucleon in- and 


out-states. As before, the nucleons are treated in the static fermion formalism |T9 
in which nucleon loops play no role ( see also Appendix A of Ref. [^] ), and the 
nucleon determinant may therefore taken to be unity. 

The lagrangian entering in the generating functional ([Tl|), £gss = + Ct,n, is 

to leading order given by the nucleon kinetic energy term and to subleading order, 

0(Q2),by|l,|g 

c2 f2 


£( 2 ) = + x'U) , 


( 12 ) 
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and, 


/’{ 2 ) _ 
^ttN — 


a 


Ami 


NNTiiU^X + X^U) + C 2 N{v ■ ufN + c^N{u ■ u)N , (13) 


where = iu^d^Uu\ U = = exp(ir“7r“//jr), x = 2i?(s + ip), and is the 

fonr-velocity of the nncleon. Expanding U to second order in 7r“, we hnd 

aNN\ 


^GSS = ^MG + j“7r“ 1 - 


(14) 


f>lj ■ 

The psendoscalar sonrce is = 2Bf-,^p'^, in terms of the original sonrce {p = p“r“), 
and of the “qnark condensate” —2f^B = —2/^m^/(m„ + m^), as follows from 
the qnadratic expansion. Since Green fnnctions are obtained by taking fnnctional 
derivatives of the generating fnnctional with respect to the source the nontrivial 
coupling of the source to the pion held in Eq.(I4) plays an important role. 

Solving the equation of motion for the canonical held in terms of the sources, 
one easily obtains the Ward identity 


d^x{N{p')\TP\x)P\y)\N{j)))e^^'^-^^y 

mi — mi — 


where 


and 


rjiab _ rji, 


ab 


pv 


+ 


q'^ + q''^ - ml C 2 UJuj'+ c^q ■ q' 
-a + 2 — 


sab 




= (OlP^lvr") = 2BUd 


J 7 T 


ab 


(15) 


(16) 


(17) 


with = qi'-j 5 T°'q in terms of quark helds. Equivalently, the amplitude (0) 
follows from the connected ttttNN Green function with amputated nucleon legs, 
AnNiq"^, q'"^)- The function A.^N^q'^, q'"^) is given by the Feynman diagrams of Fig. 1. 
Fig. la) represents the three contributions having two external pion legs. The rele¬ 
vant vertices follow from the interactions in lagrangian (p!4D quadratic in pion helds, 
proportional to a, Ci and C 2 - Figs, lb) and Ic) represent the contributions to 
containing only one external pion leg. These terms have weight —a/ (/^m^) and are 
due to the coupling of the source to the nucleon helds in Eq.(|T^. The sum of all 
these contributions is 




mt 


'ia 2.1 ' 

— — [ujuj C2 + q-qcA 

J TT J TT J 


^/2 


mt 
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( 18 ) 


a 


+ 


a 


f^ml I — ml — ml 




Amputating external pion legs by multiplying with — ml), we obtain 

the second term on the r.h.s. of amplitude ( 0 )- It agrees with the amplitudes 
(@. s ®. demonstrating explicitly that there is no inconsistency between chiral 
perturbation theory and PCAC. 

One may be tempted to raise the objection that the amplitude (p!0D is inconsis¬ 
tent with the Ward identity (|T^, which is presumably a direct consequence of the 
underlying theory, QCD. However, it must be kept in mind that the Eq.(p!5D is a 
statement about isovector pseudoscalar currents, which are convention-dependent 
in contrast to vector or axialvector currents which have a physical realization, the 
electro-weak currents. In the language of PCAC, one arrives at the amplitudes (I, I, 
0 ) by identifying the pion interpolating held with the divergence of the axial-current, 
Eq.lQ). In the formulation of Manohar and GeorgijQ this identihcation is not made, 
as is evidenced by Eq. (p!0D . This difference is of no consequence for the evaluation 
of S-matrix elements||12||, nor in the evaluation the effective mass ( Section 3 ). 

We close this section with a few additional comments on the relation between the 
two formulations outlined above. First, we remark that although the second of the 
approaches described above is based on functional integrals, while the hrst is not, this 
is purely a notational distinction. We could just as well have derived the amplitude 


(pT|) , in a functional integral formalism, using the action S' = / d^x^CyiG + 7r“J“), 
by taking derivatives of the corresponding generating functional with respect to J“. 
The two approaches differ in the structure and coupling of their external sources. 
Second, there are complications arising at the one-loop level. At the one-loop level, in 
computing four-point and higher Green functions of the basic helds in models such as 
the non-linear sigma model, one encounters divergences off-mass-shell that cannot be 
removed - in a standard way - by chiral invariant counterterms. These divergences 
vanish on-mass-shell and may, more generally, be removed by a suitable redehnition 
of helds which have to be reexpressed by a non-linear combination of the original 
helds including space-time derivatives [^. Introducing external helds via covariant 
derivatives in a chiral invariant manner in the generating functional framework, one 
obtains n-point Green functions involving currents, and chiral invariance is directly 
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obtained to a given order in the loop expansion p5|, |T^]. In other words, this scheme 
generates by construction counter terms which are non-linear in the external sources 
(or contain space-time derivatives thereof) and which one otherwise would have to 
provide by hand in order to redefine the original fields in the first scheme. The 
point is once more: in the second scheme one has a relationship (dictated by the 
local chiral symmetry) between the usual terms in the lagrangian and the structures 
of the sources. By a redehnition (wave function renormalization) of the pion held 
one can make the source structures trivial, however, at the expense of a rather 
complicated non-linear held redehnition for the pion held which involves derivatives 
as the pseudo scalar source involved derivatives. There is of course - also in the 
second scheme - an arbitrariness in introducing the sources on the QCD-level such 
that chiral symmetry is locally preserved. But once this has been hxed, there is 
no arbitrariness any longer in the transcription down from the QCD level to the 
hadronic one. In this line of thought, the hrst scheme (especially at higher loop 
order) would correspond to a non-standard and rather complicated coupling of the 
external sources to the current quarks at the QCD level. 

In the present work, we concentrate on tree level calculations. Green functions 
or correlators with at most two external pion legs, and the above complications do 
not arise. Further work is needed to clarify the situation at one-loop order, but 


a recent calculation indicates that the two approaches discussed here also give 
the same effective meson mass to one-loop order, as the pion held redehnitions only 
contribute at higher order than Cl(7r^). 


3 The Effective Meson Mass in Nuclear Matter 

Given the problems encountered in extending chiral perturbation theory from the 
meson to the baryon sector, it is not surprising that a rigorous formulation of the 
expansion in nuclear matter has not yet been found. The presence of an additional 
scale, the Fermi momentum of nucleons, the breaking of Lorentz invariance, and 
nuclear correlations, add new levels of complexity to the formulation of a chiral 
expansion. As a hrst step, one simply uses a free space chiral expansion, such as 
those outlined above and evaluates nucleon operators at the mean held level, and 
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consequently works with the lagrangian to linear order in density. One may again 
raise the question of the role of the pion interpolating held in this context. In what 
follows, we will argue that the basic idea, established rigourously in the case of free 
space scattering, that physically relevant observables are independent of the choice 
of held variables, also holds in nuclear matter. In this case, the relevant observable is 
the position of the pole of the pion propagator in symmetric nuclear matter |]27|, 
The pole position is often referred to as the ehective mass, which we shall also 
do here. In the absence of a general proof that the poles of the propagator are 
independent of the choice of held variables, we demonstrate that the two lagrangians 
discussed above, and most often employed in chiral perturbation theory, do indeed 
give the same value for the ehective pion in mass in nuclear matter. 

As alluded to above, in the nucleon mean held approximation we set {NN) = p 
( we also approximate the vector density by the scalar density. ) From the Manohar- 
Georgi lagrangian (H), we thereby obtain the inverse propagator for charged pious 


D ^(a;,k, p) = — 11 ( 0 ;, k, p) 

n(a;,k,p) = ( 2 (c 2 + 03 ) 0 ;^ - 2 c 3 k^ + a) + . (19) 

J TT 


Evaluating the poles of the propagator we hnd the ehective pion mass : = 

ci;^(k = 0; p) in symmetric nuclear matter to be 


m*J{p) = ml ^ f^ +0{ml) 


1 + ^ (C2 + C3) p 

J TT 


= m^ 


P 


PM. 


(2(c 2 + C3)m^ + cr) + 0{ml] p^) , 


( 20 ) 

( 21 ) 


where in Eq. (^Tj) we explicitly show the prediction to linear order in density. Eq. (|21|) 
gives m* (p) = mjr — 27ra)j!'^p/m/j, to linear order in density, where is the reduced 
mass of the pion-nucleon system. The behaviour of the ehective mass to linear order 
in density is as expected from the lowest order optical potential, without reference 
to chiral perturbation theory. The ehective mass receives additional contributions 
over those given by Eq. (^) at higher than linear order in density, from factors such 
as those mentioned at the beginning of this section. In the equations above, and in 
those which follow, we exhibit explicitly only the density dependence following from 
the chiral lagrangian, to and in the mean-held approximation. 
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Similarly, we consider the lagrangian /^gss, Eq- ( 0 ). in the mean held approxima¬ 
tion. Note that from (|TTD it is immediately apparent that since U, and therefore tt, is 
a dnmmy variable, any observable mnst be independent of this held. In what follows, 
we obtain the ehective pion mass in symmetric nnclear matter by two ( eqnivalent ) 
methods, the hrst nses the ehective action F, ( see e.g. Ref.|^ ), and the second, 
Feynman diagrams. In obtaining the ehective action, the so-called classical pion 
held is dehned with the help of the the generating fnnctional in the nncleon 
mean held approximation, Z[j,p] := , j, 0, 0, 0, 0], as follows: 


§ja 


At tree level, we have 

Z[j,p] = 5'[7r] -F J d‘^xj“(x)7r“(x) 




( 22 ) 


(23) 


where the action S is given by the lagrangian £gss in the nncleon mean held ap¬ 
proximation, withont the sonrce namely, S = J d‘^xC^‘^\p) with 

£'"’(p) = Y ^ (i-^'jMuh+x'u), (24) 


and D'^‘' = 2c2V^v^ -f 2c2,g^'', as follows from Eqs.(^) and (p!3D. From Eq. 
obtain 

ap 


= 1 - 




TT 


we 


(25) 


The tree-level ehective action, F[0.,r,p] = Z[(()t,, p] — f d^xj4>.„ = S'[(l — yr^) 


therefore reads 


r|c>,.p] = 







(26) 


from which we obtain the in-medinm charged pion propagator 


E>(g,p) 


i 


(1 


crp \ ^ 


q'^ - ml + + 2c2{v ■ qY + 2czq^) 

J 77 


+ 0(ml) . 


(27) 


As with the example of pion-nncleon scattering amplitndes considered earlier, it is 
instrnctive to rederive these resnlts with the help of Feynman diagrams. From the 
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lagrangian ([T^) in the mean field approximation, we obtain two vertices, © and ©, 
connecting to two bare pion lines and one bare pion line, respectively. The vertices 


are 

Q> = + 2 c 2 {y ■ qf + 2c^q^) and © = - ■ (28) 

The in-medium pion propagator follows from summing all possible contributions 
dressing the bare pion propagator, as shown in the first line of Fig. 2a). The con¬ 
tributions involving 0 yield a geometric series whose sum is denoted by the double 
dashed line in Fig. 2b). This yields the four diagrams of the second line of Fig. 2a), 
which factorize to yield the single expression (|27|). 

The poles of the pion propagator in symmetric nuclear matter, (^7]), obtained 
from the lagrangian /^gss, are identical to those of the propagator (|T^, following 
from the lagrangian £mg- In both cases, the effective pion mass is given by Eq. f^Of) . 
The fact that the lagrangian £gss emodies the PCAC choice of pion interpolating 
field appears in the residue of the pion propagator, not in the effective pion mass. 
We therefore conclude that there is no discrepancy in the effective mass obtained 
from theories using different interpolating pion fields |1l0|, |TI|. It is furthermore to 
be noted that, within the approximations that we are working with and have stated 
above, the effective mass predicted by both models is identical to all orders in nuclear 
density. From the the tree-level calculation of the effective pion mass, one cannot 
conclude that the two approaches are intrinsically different, to higher than linear 
order in density|lTl[|. 

To conclude this section, we discuss the relation of the effective pion mass in 
symmetric nuclear matter, to the Gell-Mann-Oakes-Renner ( GMOR ) relationfl^. 
The Gell-Mann-Oakes-Renner ( GMOR ) relation reads 


f}ml = + JcilO) + 0(mt) (29) 

The GMOR relation is derived from the effective second-order lagrangian 
Eq. ([r^) , by the identification Zqcd = -^es, which leads to 


dZqcD 

6M(x) 


M=0 


— (0 |mm -|- dd\0) = 2f^B 


(30) 


Solving for B and using the relation R(m^j-f m^) = one thus obtains Eq.(P^[^ 


To study the GMOR relation with respect to the in-medium pion mass, we use the 
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lagrangian £gss in the nucleon mean field approximation, Eg. (|^) . Since matter 
breaks Lorentz invariance (but still keeps rotational invariance, if it is isotropic), it 
is convenient to separate space and time components via ( see also Ref .[0 ), 


= Sf(p)9°° + ff{p)9'' . (31) 

where the time-component is given by 

ff(p) = fl (l + -jfj + 0(m,) . (32) 

Starting from Eg. (P^) and using the same method as to derive Eg. (PPP , we obtain 
the density dependent guark condensate 


{uu -|- dd)p = (0 |mm -|- dd\0) ( 1 — 




+ 0{m^) , 


(33) 


a result which is, in fact, model-independent pT[| . Eg.(^), when combined with the 
effective pion mass as given in Eg.(^), yields the in-medium GMOR relation in the 
nucleon mean-held approximation: 


/f (p)mf (p) = 


rriu + rrid 


uu + dd)p + 0{m\ 


(34) 


( Other discussions of the GMOR relation at hnite density are given in Ref.[^. ) 
It is therefore only the time-component of the coupling constant, // that enters in 
the GMOR relation at hnite density. As a function of density, /* decreases, m* 
increases, though very slowly, and —{uu + dd)p decreases. 

It is worthwhile to check that f*{p), as given by Eg. (P^ , agrees with the dehni- 
tion in terms of the axial current coupling to the pion in matter. 


(OItoTSjT”?!! = !P(ii 5“ /,*(p) + 0(m^ 


(35) 


The expectation value may be evaluated from the axial vector two point function, 
which reads, at zero nucleon density, (see Ref. [Q) 




5al{-q) 5al{q) 


a=v=p=0\s=^A 


I + 0(/) ■ (36) 

I rni-q^ j 
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Eq. (|36|) , and other correlators, may be evaluated at finite density, in the mean field 
approximation, by reinstating the general sources s, and in Zgs, expanding the 
action to second order in the pionic field, and integrating out the pionic degrees of 
freedom. The second order variation with respect to the external sources ( e.g. Oq for 
the case in Eq.(|36|) ) then gives the two-point function. For example, one finds that - 
up to (9(m,r) corrections - the time-component of the axialvector correlator in matter 
has the same form as Eq.(^^, but with replaced by Eq.(^^, and tUtt 

replaced by the effective mass pOp. Thus the desired equivalence is established. This 
result is independent of the off-shell extension of the pion field, as the pseudoscalar 
sources, p“, do not enter in this calculation. 

In an analogous manner one may arrive at other relations valid at finite density. 
Evaluation of the in-medium pseudoscalar correlator results in (see Eq. (|T^) ) 

(l _ 

sf (rt = + 0(m,) . (37) 

H“ f2 

J TT 

This result is dependent on the off-shell extension of the pion field, as the calculation 
explicitly involves functional derivatives with respect to the pseudoscalar source, 
and holds therefore only in the second scheme, compatible with PCAC. The 
axialvector-pseudoscalar correlator is scheme-dependent, as well. Using Eqs.(|33[) 
and (^) one can then check that the finite-density version of the PCAC relation 
(pT|) holds in the second scheme: 

+ + 0(ml) . (38) 


A caveat is the rather rapid decrease of the in-medium quark condensate, Eq.( 

( which drops at nuclear matter density already to about two thirds of its vacuum 
value ), as a large value of the quark condensate is a precondition on counting the 
current quark mass matrix as 0{Q‘^). If the (in-medium) quark condensate gets 
smaller and smaller, it is not obvious that the (in-medium) four-quark condensate 
can be safely neglected at 0{Q‘^). It may become as important as the two-quark 
condensate, such that the quark mass matrix should rather be counted as 0{Q^) 
( see Refills^ in a different context ). Note that even in symmetric nuclear matter 
all quantities of 0{Q‘^) get their first corrections already at 0{Q^) - as the mean- 
field calculation showed - and not at 0{Q‘^) as their free-space analogs. One might 
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speculate that this fact is already a signal or precursor of a change in the relation 
between and the current quark mass matrix M from that given by the vac¬ 

uum GMOR relation. This phenomenon has eventually to take place with increasing 
density, as at chiral restoration ( or perhaps even earlier ) the pion should lose its 
Goldstone character and approximate the behavior of a “normal” meson with the 
corresponding relation between its (effective) mass and the current quark masses: 
m* (X rh = [rriu + 'md)/2 [Q. Thus the in-medium GMOR relation (l3^) is likely to 
break down at large nuclear densities. 

To summarize the results of this Letter, since the isospin even scattering length 
is = —O.Olm^, the pion mass increases slightly to linear order in density in 
symmetric nuclear matter 0. This result is valid at low density, and is, of course, 
expected, whether one uses a chiral effective lagrangian or not. Tree-level chiral per¬ 
turbation theory in the nucleon mean held approximation predicts that the effective 
mass continues to grow with increasing density, as given by Eq.(|^). Eq.(pOD was de¬ 
rived from two formulations of chiral perturbation theory. One of these |T^, 0, ^ 


corresponds to adopting the PGAG choice of pion interpolating held, while the 
other does not. The fact that the two formulation give identical results indicates 
that the ehective mass in matter is generally independent of the choice of pion held 
variables adopted in the ehective lagrangian. 

To which extent these predictions are correct can only hnally be decided by 
better knowledge of higher density terms, both in terms of nuclear correlations, and 
at the level of the lagrangian. Gonhning the discussion to the chiral lagrangian, at 
tree-level, and in the nucleon mean held approximation, we have found that the two 
approaches outlined above give identical ehective pion mass to all orders in nuclear 
density. This seriously questions the claim that diherences in the choice of pion held 
manifest themselves as diherent predictions to second order in density and above P 


A number of additional factors must be taken into consideration in studying kaon 
condensation in neutron star matter, such as the additional attraction mediated by 
the exchange of the p and uj vector mesons, i.e. the Weinberg term. Other pertinent 
issues include the role of resonances such as the A(1405), which governs low-energy 
K~p scattering and the coupling to the Svr channel ||T0|, |35[| , the role of hyperons]^, 
M, the ehect of 0{Q^) contributions in chiral perturbation theoryH and nuclear 
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correlations IP, |^. These complications do not detract from onr basic conclnsion, 
namely that the effective kaon mass, in nentron star matter, is independent of the 
choice of kaonic held varmade in the effective lagrangian. Althongh kaon-nncleon 
scattering amplitndes, obtained from a specihc choice of kaon interpolating held, may 
be repnlsive oh meson-mass-shell, snch as the PCAC amplitnde in the Weinberg 
point, this does not imply that that the ehective kaon mass tends to increase in 
matter, preclnding kaon condensation. In this respect, the ehective kaon mass in 
matter, as obtained originally by Kaplan and Nelson]^, and in most stndies that 
have followed, has been correctly evalnated. 
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Figure Captions 


Fig. 1 Feynman diagrams for the connected 4-point titiNN Green function 
a) Diagrams with two external pion legs, b) and c) Diagrams with one external 
pion leg. The full lines represent the nucleon legs, the dashed lines the pion legs and 
the double lines the external pseudo-scalar sources 


Fig. 2 The in-medium pion propagator. The dashed line represents a free pion, 
and the vertices © and © are given in Eq.(28). a) The sum of all contributions, 
b) The sum of the geometric series involving 0 contributions. 
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